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In  order  to  analyze  the  structural  behavior  of  orthotropic  monofila¬ 
ment  laminates,  it  is  necessary  to  know  the  elastic  properties.  In  this 
paper  equations  are  presented  for-  determining  the  elostic  properties 
of  monofilament  laminates  based  upon  the  properties  of  the  filament 
and  matrix  materials.  Equations  are  given  for  calculating  the  axial 
stiffness,  shear  stiffness  and  Poisson’s  ratio  in  the  principal  directions 
for  both  unidirectional  and  bidirectional  laminates.  The  effects  of  the 
filament  shape  and  spacing  on  the  elastic  properties  are  discussed. 
Test  results  for  some  music  wire-epoxy  resin  laminates  are  presented 
which  are  in  good  agreement  with  the  theory. 
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Elastic  Properties  of  Orthotropic 
Monofilament  Laminates 


NOMENCLATURE 

A  =  cross-sectional  area,  sq  In. 
a  =  length,  in. 
b  =  width.  In. 

0  =  distance  between  load  point  and  reaction 
point  along  side  a,  in. 

D  =  filament  diameter,  in. 

Djjy  =  twisting  stiffness  of  plate,  in- lb 

d  =  distance  between  load  point  and  reaction 
point  along  side  b,  in. 

E  =  modulus  of  elasticity  or  axial  stiffness  , 
psl 

G  =  shear  modulus  of  elasticity  or  shear 
stiffness  ,  psl 

I  =  product  of  inertia,  In.^ 
xy 

L  =  direction  of  maximum  principal  stiffness 
N  =  nximber  of  layers 
P  =  machine  load ,  lb 

R  =  radius  ratio  =  diameter  of  filaments 
divided  by  spacing  between  filaments 
T  =  direction  of  minimum  principal  stiffness 
t  =  thickness,  in. 

V  =  volume  ratio  =  ratio  of  volume  to  total 
volume 

x,y,z  =  orthogonal  co-ordinates;  z  measured  nor¬ 
mal  to  plane  of  plate  and  x  and  y  paral¬ 
lel  to  sides  of  plate,  in. 

■3'=  shear  strain,  In/ln 
A  =  deflection,  in. 

€  =  axial  strain,  In/ln 

6  =  angle  measured  from  reference  axis  to 
plane  of  minimum  shear  stiffness 

Vz 

(  sine  de 

>0  ^  (1 . 

/M  =  Poisson's  ratio 
O'  =  normal  stress  ,  psl 
T  =  shear  stress,  psl 

Subscripts  and  Superscripts 

0  =  composite  composed  of  more  than  one  layer 
f  =  filament 
H  =  head  deflection 
L  =  co-ordinate  direction 
m  =  matrix 
n  =  nth  layer 
T  =  co-ordinate  direction 
x,y,z  =  co-ordinate  direction 
1,2  =  laminate  layer  number 


*  =  corrected  value  to  account  for  variations 
in  laminate  thickness 

INTRODUCTION 

In  this  paper,  methods  are  presented  for  de¬ 
termining  the  elastic  properties  of  orthotropic 
laminates  composed  of  filaments  bonded  together 
with  a  matrix.  The  elastic  properties  are  the 
basic  properties  needed  to  analyze  the  behavior  of 
a  composite  under  any  condition  of  load.  The 
equations  developed  in  this  paper  enable  the  de¬ 
signer  to  determine  the  elastic  properties  of 
orthotropic  laminates  composed  of  any  combination 
of  materials  that  can  be  bonded  together.  Also, 
it  is  possible  to  design  a  monofilament  laminate 
to  have  some  given  elastic  properties. 

SUMMARY 

The  elastic  properties  were  found  to  be  de¬ 
pendent  upon  the  shape  of  the  filament  as  well  as 
the  spacing  and  properties  of  the  constituents. 
Equations  are  derived  for  two  shapes  of  filaments , 
l.e.,  sq\iare  and  round  cross  section.  The  pro¬ 
cedures  outlined  in  this  paper  could  be  used  to 
determine  the  elastic  properties  of  other  shapes 
of  filaments  as  well. 

Some  steel  wire  and  epoxy-resin  laminates 
were  made  to  verify  the  equations  developed  in 
this  paper.  The  methods  for  calculating  the 
elastic  properties  E^,  E,j, ,  ,  and  0^,5,  agree 

with  the  tests  results  within  the  experimental 
accuracy  of  the  measurements .  It  was  found  that 
the  shear  stiffness  was  quite  sensitive  to  varia¬ 
tions  in  laminate  thickness.  Also  the  shear  de¬ 
formations  of  the  laminates  should  be  included  in 
the  calculations  for  the  bending  stiffness  if 
there  is  an  appreciable  amount  of  low-modulus 
material  between  layers ,  or  I'f  the  majority  of  the 
layers  are  aligned  transverse  to  the  direction  of 
bending.  Further  research  in  this  field  should  do 
much  toward  obtaining  a  better  understanding  of 
the  factors  that  affect  the  properties  of  ortho-  . 
tropic  monofilament  laminates . 

THEORETICAL  CONSIDERATIONS 

FI lament -wound  materials  with  filaments 
aligned  in  mutually  perpendicular  directions  as 


l—hBnn 


Fig.  1  Cross  section  of  a  19-layer  bidirectional  monofilament 
laminate 


To  analyze  the  properties  of  a  bidirectional 
laminate,  first  the  properties  of  the  unidirec¬ 
tional  layers  must  be  obtained.  In  this  paper, 
methods  for  determining  the  properties  of  unidi¬ 
rectional  layers  will  be  discussed  in  some  detail. 
Methods  for  determining  the  properties  of  lamin¬ 
ates  based  on  the  properties  of  each  layer  have 
been  covered  quite  thoroughly  (l..£.^)^  and  vlll  be 
discussed  only  briefly  here. 

In  the  subsequent  sections  equations  are 
derived  for  determining  the  five  elastic  constants 
Ej^ ,  ®nd  for  unidirectional  layers 

and  for  bidirectional  laminates .  The  equations 
will  be  derived  for  filaments  of  both  square  or 
rectangular  and  round  cross  section.  In  the  for¬ 
mer  case  it  can  be  assumed  that  the  laminate  is 
homogeneous  through  its  thickness  and  therefore, 
the  stress  distribution  across  the  thickness  is 
uniform.  For  round  or  other  shaped  filaments  the 
distribution  of  the  materials  through  the  thick¬ 
ness  must  be  considered. 


shown  in  Plg.l  can  be  analyzed  by  the  theory  of 
elasticity  for  orthotropic  materials .  In  order  to 
solve  the  stress-rtraln  relations  for  the  case  of 
plane  stress,  five  elastic  constants  must  be 
known.  These  constants  are  the  axial  stiffnesses 
in  the  direction  of  the  filaments  and  transverse 
to  the  direction  of  the  filaments  as  well  as  the 
Poisson's  ratios  and  the  shear  stiffness  associ¬ 
ated  with  these  directions.  There  are,  however, 
only  four  Independent  elastic  constants  because 
the  following  relationship  holds 

^LT  ^  ^TL  (1) 

^T 

In  order  to  analyze  a  laminate  such  as  shown 
in  Flg.l,  the  following  assumptions  are  made; 

1  The  laminate  is  composed  of  unidirectional 
layers  ,  one  filament  diameter  thick. 

2  The  filaments  in  each  layer  are  evenly 
spaced . 

3  The  filament  and  matrix  material  are 
bonded  together  and  act  as  a  composite. 

4  The  two  materials  obey  Hooke's  law. 

5  There  is  no  interaction  between  the  two 
materials  that  would  change  their  material  prop¬ 
erties  .  In  other  words  ,  the  elastic  properties  of 
the  materials  in  the  laminates  are  same  as  the 
elastic  properties  of  the  materials  in  bulk  form. 

At  first  these  assumptions  may  seem  overly 
restrictive;  however,  most  laminates  made  by  wind¬ 
ing  single  filaments  over  a  mandrel  will  conform 
reasonably  close  to  these  assumptions.  The  effect 
of  variations  of  laminate  thickness  on  the  prop¬ 
erties  will  be  discussed  in  a  subsequent  section. 


ELASTIC  CONSTANTS  FOR  UNIDIRECTIONAL  LAMINATES 

Longitudinal  Properties 

First  consider  the  axial  stiffness  for  loads 
applied  in  the  direction  of  the  filaments .  To 
simplify  the  analysis  ,  the  composite  material  can 
be  considered  as  a  solid  piece  of  filament  mate¬ 
rial  bonded  to  a  solid  piece  of  matrix  material. 

In  this  case  the  strain  in  the  matrix ,  filament , 
and  composite  are  all  equal  in  the  direction  of 
the  applied  load.  Therefore,  the  amount  that  each 
material  contributes  to  the  axial  stiffness  is 
simply  the  volume  per  cent  of  that  material  times 
its  modulus  of  elasticity.  The  axial  stiffness  of 
the  composite  Is  then  given  by  the  following  equa¬ 
tion  (4,^); 

(2) 

For  similar  reasons  the  amount  that  each 
material  contributes  to  the  Poisson's  ratio  of  the 
composite  is  directly  proportional  to  the  amount 
of  material  in  the  composite.  The  equation  for 
Poisson's  ratio  for  the  composite  is  similar  to 
the  equation  for  the  axial  stiffness  and  is  given 
by  the  following  equation  (4); 

(3) 

Both  equations  (2)  and  (3)  apply  to  compos¬ 
ites  with  any  shape  filaments .  This  is  true  be¬ 
cause  the  strain  in  the  filaments  or  the  matrix  is 
independent  of  the  shape  of  the  filaments  or  the 
distribution  of  the  materials  as  long  as  the  dis¬ 
tribution  of  materials  are  continuous  end  to  end. 

^  Underlined  numbers  in  parentheses  designate 
References  at  the  end  of  the  paper. 
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Fig.  2  Equivalent  composite  for  analyzing 
the  transvetse  stiffness 


Fig.  3  Axia'  "ess  comparisons  for  steel- 
epoxy  cor  .  th  square  or  rectangular 

rments 


Transverse  Properties 

The  axial  stiffness  in  a  direction  transverse 
to  the  filaments  can  also  be  determined  by  con¬ 
sidering  an  equivalent  composite  as  shown  in  Pig. 
2.  In  this  case  it  is  first  assumed  that  the 
filaments  are  square  or  rectangular  so  that 
changes  in  stiffness  in  the  z  direction  can  be 
neglected.  The  strains  and  stresses  in  the  fila¬ 
ment  and  matrix  materials  can  be  determined  by 
equating  the  loads  and  strains  in  the  L  and  T 
directions  as  follows! 

OjA  -  0"„tA 

0*^4  *  O'fT* 

O" +  OhAfL  ■  ° 


^bL  «  ^tL  •  ^cL 


(4) 


The  strain  in  the  composite  in  the  T  direc¬ 
tion  can  be  obtained  by  noting  that 

(5) 

By  substituting  the  values  of  and  from 
(4)  into  (5)  and  rearranging  terms,  the  equation 
for  the  transverse  stiffness  is  obtained 


i  .  ^  .  Tf 

Sr  5 


Vf 


(6) 


Poisson's  ratio  can  also  be  obtained  from 
(4)  and  (5). 

By  definition  Poisson's  ratio  is  the  r.egatlve 
ratio  of  divided  by  Using  the  expres¬ 

sions  for  and  from  (4)  and  (5)  and  re¬ 
ducing  Poisson's  ratio  to  its  simplest  terms  gives 


■  l*-u  ®r/Ei,  (7) 

Equation  (7)  agrees  with  the  condition  given  by 
equation  (1)  and  indicates  that  the  equations  for 
Eip,  Ej^ ,  and are  consistent. 

For  laminates  with  plastic  resin  as  the 
matrix,  equation  (6)  can  be  simplified  sinoe^oc^. 
is  usually  small  compared  to/<^  ^  Is 

small  compared  to  Vj.Ef/Vj^Ejjj.  Eliminating/^  and  1 
in  equation  (6)  yields 

^ 

ViACl  (8) 

If  Poisson's  ratios  in  equation  (6)  or  (8) 
can  be  neglected  without  much  loss  in  accuracy, 
the  transverse  stiffness  is  simply 


Ej  ■ 


(9) 


A  comparison  between  the  transverse  stiffness 
as  given  by  equation  (8)  and  the  longitudinal 
stiffness  is  shown  in  Fig. 3  for  laminates  made 
with  steel  wire  and  epoxy  resin.  For  this  partlc- 
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Fig.  4  Typical  element  for  analyzing  the 
transverse  stiffness 


Fig.  5  Transverse  stiffness  of  steel-epoxy 
composites  for  several  filament  spacings 


ular  combination  of  materials ,  the  longitudinal 
stiffness  Is  considerably  larger  than  the  trans¬ 
verse  stiffness  even  for  filament  volume  ratios  as 
high  as  0.9.  This  Indicates  that  epoxy  resin  Is  a 
poor  material  for  carrying  load  and  that  even  a 
small  amount  of  resin  between  the  filaments  re¬ 
duces  the  stiffness  and  hence  the  load  carrying 
ability  considerably. 

For  laminates  with  round  filaments ,  the  load 
distribution  across  the  thickness  of  the  laminate 
must  be  considered.  In  this  case  a  typical  unit 
Is  selected  for  analytical  purposes  as  shown  In 
Pig. 4.  Because  of  the  round  shape  of  the  fila¬ 
ment,  the  stiffness  varies  across  the  width  of  the 
laminate.  And  since  the  deflections  must  be  the 
same  at  every  point,  the  stress  distribution  is 
nonuniform  as  shown.  The  axial  stiffness  Is 
determined  by  considering  the  stiffness  of  the 
differential  element  dz  x  1  x  1.  Assuming  that 
equation  (9)  applies,  the  stiffness  of  the  differ¬ 
ential  element  Is  given  by 


(10) 


Integrating  equation  (10)  from  0  to  R  and  dividing 
by  R  gives  the  average  stiffness.  R  here  Is  not 
the  radius  of  the  filament  but  the  ratio  of  the 
filament  diameter  to  the  filament  spacing 


*r 


1  r  _ 


(11) 


Putting  equation  (11)  In  terras  of  R  and  ©  and 
changing  the  variable  to  d©  gives 


o 


Equation  (12)  cannot  be  reduced  any  further  and 
must  be  Integrated  graphically  or  by  computer. 

Equation  (12)  was  developed  neglecting  the 
effect  of  Poisson's  ratio.  When  Poisson's  ratio 
cannot  be  neglected,  equation  (6)  would  have  to  be 
used  for  the  stiffness  of  the  element.  In  this 
case  It  would  be  better  to  plot  the  stiffness 
as  a  function  of  the  radius  ratio  R ,  and  then  cal¬ 
culate  the  average  stiffness  graphically. 

For  laminates  which  have  a  large  Ef /e^  ratio , 
like,  epoxy  resin  and  steel  wire  composites,  equa¬ 
tion  (8)  can  be  used  for  the  differential  element. 
Then  the  equation  for  the  transverse  stiffness  Is 
given  by 


% 


m  Sf 


'/2 


sin9  dd 


h/E„  (1  -yU„2)  +  R  sine  1  -  ^(1  -^2)j 


(13) 


Equation  (13)  was  evaluated  for  epoxy-steel 
composites  for  several  filament  spacings  as  shown 
In  Pig. 5.  As  these  curves  Illustrate,  most  of  the 
load  Is  carried  by  the  center  half  of  the  lami¬ 
nate.  The  maximum  value  of  E,j,  when  adjacent  wires 
are  touching  Is  5.04  x  10^  psl.  By  Increasing  the 
spacing  3  '2  per  cent,  the  transverse  stiffness  Is 
reduced  to  3.62  x  10°  psl  or  a  decrease  of  27  per 
cent.  Because  of  the  low  modulus  of  elasticity  of 
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Fig.  6  Equivalent  composite  for  analyzing  tlie 
shear  stiffness 


Fig.  7  Typical  element  for  analyzing 
shear  stiffness 


the  resin,  even  a  small  amount  between  the  steel 
filaments  drastically  reduces  the  transverse 
stiffness.  It  also  shows  that  for  material  com¬ 
binations  such  as  this ,  the  filament  volume  ratios 
must  be  known  very  accurately  when  the  filaments 
are  closely  spaced,  In  order  to  determine  the 
transverse  stiffness  accurately. 


Shear  Stiffness 

For  determining  the  shear  stiffness  of  a  uni¬ 
directional  laminate  with  square  or  rectangular 
filaments ,  an  equivalent  composite  Is  selected  as 
shown  in  Pig. 6.  As  before,  the  monofilament  lami¬ 
nate  will  be  considered  as  a  solid  piece  of  fila¬ 
ment  material  bonded  to  a  solid  piece  of  matrix 
material.  Because  the  shear  load  Is  uniform 
around  the  edge,  It  doesn't  matter  In  which  direc¬ 
tion  the  filaments  are  oriented.  The  shear  stiff¬ 
ness  of  the  composite  Is  given  by 


“Iff  -  stva;- 


(14) 


Substituting  for  the  values  of  the  deflection  In 
terms  of  the  properties  of  the  filament  and  matrix 
material  gives 


rr" 

I  JX 


(15) 


In  order  for  the  matrix  and  filaments  to  be  In 
equilibrium,  the  shear  stress  of  the  filaments, 
matrix,  and  composite  must  be  equal  so  that  equa¬ 
tion  (15)  can  be  reduced  to 


Ojj  ■  . . 


(i6) 


The  shear  stiffness  for  a  laminate  with  round 
filaments  can  be  determined  by  considering  the 
shear  stiffness  of  a  typical  element  as  shown  In 


Pig. 7.  First  It  is  assumed  that  the  shear  defor¬ 
mation  of  all  dz-elements  across  the  width  of  the 
laminate  are  equal;  that  Is,  there  Is  no  warping 
of  the  laminate  In  the  yz-plane.  Then  the  shear- 
stress  distribution  on  any  plane  y  distant  from 
the  center  line  of  the  filament  Is  as  shown  in 
Fig. 7.  Equating  the  summation  of  the  forces  on 
this  plane,  to  the  applied  shear  force  gives 

*7^  •Ify  (1  -  si"  ) 


Since  on  any  y-plane  the  shear  deformation  In 
the  matrix  and  filament  are  equal ,  the  relation 
between  the  shear  stresses  Is  given  by 


'my  •  Gj 


(18) 


Substituting  the  value  for  the  shear  stress  In  the 

matrix  Into  equation  (l8)  and  solving  for 

gives 


'Tty 


_ _ 

s3ne-».  ^  (1  -  sln»  ) 


(19) 


Therefore,  the  shear  stress  In  the  filament  will 
vary  from  7^^  at  y  =  0  to  (On^/Gf )  at  y  =  R  and 
the  shear  stress  In  the  matrix  will  vary  from 

^  ^LT  at  y  =  0  to  ^LT  ,at  y  =  R.  The  shear 
stress  In  the  matrix  between  the  filaments  will  be 
equal  to  7^  . 

To  determine  the  shear  stiffness,  the  shear 
deformations  along  the  center  of  the  laminate  are 
considered  as  shown  In  Pig. 8.  Actually  the  defor¬ 
mations  are  the  same  for  all  dz-elements;  however, 
the  center  element  Is  selected  to  simplify  the 
Integration. 

The  shear  deformation  can  be  divided  Into  two 
parts .  The  first  part  Is  the  shear  deformation 
across  the  filament  and  the  second  part 
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Fig.  8  Shear  deformation  of  typical  element 
shown  in  Fig.  7 


across  the  matrix.  The  shear  deformation  of  the 
filament  Is  given  by 


o 


(20) 


Substituting  the  value  for  '^fy  from  equation  (19) 
and  changing  the  variables  from  dy  to  d0  gives 


^*1 


TuB  I  _ _ _ _ 


(21) 


For  each  particular  combination  of  materials  the 
value  of  the  Integral  could  be  evaluated.  For 
steel-wire  filaments  and  epoxy-resin  matrix,  the 
value  of  the  Integral  was  found  to  be  1.52.  Let 
the  Integral  In  equation  (21)  equal  to  then 

(22) 


The  shear  deformation  of  the  matrix  can  be 
found  In  a  similar  manner.  However,  It  Is  not 
necessary  to  Integrate  since  the  shear  stress  Is 
constant  and  equal  The  shear  deformation 

across  the  matrix  then  Is 

(251 

The  shear  strain  Is  the  sum  of  the  two  deforma¬ 
tions  or 

y  rud-R) 

•it  •  - 1 -  «  -TTJ - as -  <24) 

By  rearranging  terms  In  equation  (24)  the  shear 
stiffness  of  the  composite  Is 

°m®f 

■  Hf a, 4.  (T --RJOf  (25) 


Comparing  equation  (25)  with  equation  (l6) 
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Fig.  9  Shear  stiffness  comparisons  for  steel- 
epoxy  composites 
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for  square  filaments  It  can  be  seen  that  the  round 
filaments  can  be  considered  as  square  filaments 
with  an  equivalent  filament  volume  ratio  equal 
to  R  $  and  a  matrix  volume  ratio  equal  to  (1  -  R) , 

To  Illustrate  the  effect  of  filament  shape  on 
the  shear  stiffness,  equations  (l6)  and  (25)  are 
plotted  In  Fig, 9  for  steel  wlre-epoxy  resin  lami¬ 
nates,  This  shows  that  for  a  given  filament 
volume  ratio,  the  round  wire  laminates  aije  stiffen 
than  square  wire  laminates  especially  for  filament 
volume  ratios  above  O.JO. 

In  practice  It  would  be  difficult  to  obtain 
filament  volume  ratios  close  to  one  for  the  square 
wire  composites.  It  also  would  probably  be  unde¬ 
sirable,  because  than  there  would  be  very  little 
matrix  material  available  to  distribute  the  loads 
within  the  composite.  However,  a  filament  volume 
ratio  close  to  the  theoretical  maximum  value  of 
0.785  for  round  wire  composites  would  not  be  too 
difficult  to  obtain,  and  there  would  be  sufficient 
matrix  material  available  to  facilitate  load  dis¬ 
tribution.  Therefore  to  obtain  a  laminate  with  a 
high  shear  stiffness  ,  the  round  cross  section 
would  be  the  better  choice  for  the  filament  shape. 

Corrections  for  Laminate  Thickness 

The  equations  derived  In  the  previous  sec¬ 
tions  were  based  on  the  assmnptlon  that  the  layers 
were  one  filament  diameter  thick.  This  Is  usually 
not  the  case;  however,  the  previous  equations  can 
still  be  used  and  the  calculations  modified  to 
account  for  any  thickness  differences. 

The  equations  for  determining  the  longitudi¬ 
nal  properties  do  not  need  to  be  modified  as  they 
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are  not  a  f-unotlon  of  the  filament  spacing.  The 
transverse  properties ,  on  the  other  hand ,  are  a 
fimctlon  of  R  and  variations  In  laminate  thickness 
must  be  acootinted  for.  If  the  layer  Is  thicker 
than  one  filament  diameter ,  the  layer  can  be  con¬ 
sidered  as  a  two-layer  laminate.  One  layer  Is 
assumed  to  be  one  filament  diameter  thick  with  the 
elastic  properties  determined  by  the  appropriate 
equation  for  E^.  The  other  layer  would  be  the 
extra  thickness  with  the  properties  of  the  matrix. 
The  transverse  stiffness  of  the  combination  would 
simply  be 

SBt  (26) 

For  laminates  with  several  adjacent  trans¬ 
verse  layers,  one  layer  may  overlap  another  so 
that  the  average  thickness  of  each  layer  Is  less 
than  one  filament  diameter.  Across  the  thickness 
that  two  layers  overlap  the  stiffness  would  be 
higher  than  given  by  equation  (6)  because  the 
filaments  from  both  layers  contribute  to  the 
stiffness.  The  stiffness  could  be  calculated  by 
detennlnlng  the  stiffness  of  elements  dz  wide 
across  the  laminate  from  the  center  of  one  layer 
to  the  center  of  the  next  layer.  The  average 
stiffness  would  then  be  determined  as  before  by 
Integration.  This,  however,  Is  quite  a  lengthy 
computation  for  a  small  correction.  A  simpler 
method  was  found  to  account  for  this  effect  which 
gave  approximately  the  same  results  as  by  the  more 
laborious  and  lengthy  method  discussed  above.  The 
equations  derived  In  the  previous  sections  for  the 
transverse  stiffness  are  used,  but  the  radius 
ratio  R  Is  modified  to  account  for  the  Increase  In 
stiffness.  The  radius  ratio  to  use  for  the  cal¬ 
culations  Is  determined  by  assuming  that  the  lami¬ 
nate  Is  composed  of  layers  one  filament  diameter 
thick  and  spaced  so  that  the  filament  volume  ratio 
of  the  typical  unit  In  Fig. 4  Is  equal  to  the  fila¬ 
ment  volume  ratio  of  the  laminate.  Based  on  this 
assumption  the  radius  ratio  Is  given  by 

R  s  **^f  (27) 

ir 

Poisson's  ratlo/^j^  In  the  transverse  direc¬ 
tion  Is  determined  as  before  from  equation  (1), 
after  having  found  Ej^,  E,j,,  and^^^^. 

The  shear  stiffness  of  layers  that  are 
thicker  than  one  filament  diameter  can  be  modified 
In  the  same  way  as  the  transverse  properties.  In 
this  case  the  eqtiatlon  for  the  shear  stiffness  Is 

'hi  •  <281 

The  method  of  modifying  the  radius  ratio  does 
not  apply  to  the  shear  stiffness  for  laminates 
with  overlapped  layers.  The  shear  stiffness  is 
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SIDIRtCTIONAL  =  NO.  I  LAYLU  *  MO  Z  LAY  CKO 
LAMINATE 

Fig.  10  Equivalent  composite  for  analy¬ 
zing  bidirectional  laminate 


much  more  sensitive  to  variations  In  R  than  the 
transverse  modulus ,  and  by  using  a  modified  R  as 
given  by  equation  (27)  gives  an  unconservative 
value  for  For  the  laminates  made  In  this 

program  the  following  procedure  was  used  for  cal¬ 
culating  the  shear  stiffness.  It  was  assumed  that 
the  stiffness  of  the  layer  across  the  thickness 
that  does  not  overlap  with  an  adjacent  layer  was 
equal  to  that  given  by  equation  (25).  In  the 
overlapped  area  It  was  assumed  that  each  layer 
contributed  to  the  stiffness  so  that  the  total 
stiffness  was  twice  as  much.  The  shear  stiffness 
then  Is  given  by 


Simplifying  equation  (29)  gives 

Olt  •  I 


(29) 

(30) 


This  method  of  correcting  for  overlapped  layers  Is 
probably  on  the  conservative  side,  but  should  be 
sufficiently  accurate  for  most  engineering  calcu¬ 
lations  providing  the  degree  of  overlap  Is  not  too 
great . 


BIDIRECTIONAL  LAMINATES 


Knowing  the  properties  of  each  layer,  the 
properties  of  th-  laminate  can  be  determined  by 
considering  each  layer  as  a  homogeneous  material. 
Methods  for  determining  the  properties  of  lami¬ 
nates  are  discussed  quite  thoroughly  In 
In  this  section  the  equations  derived  for  evalu¬ 
ating  the  elastic  properties  'of  the  bidirectional 
laminates  made  In  this  test  program  will  be  pre¬ 
sented.  The  bidirectional  laminates  considered  In 
this  section  are  those  which  are  made  by  cross 
laminating  unidirectional  layers  orthotroplcally . 
It  Is  assumed  that  each  \inldlrectlonal  layer  has 
the  same  properties  In  the  principal  directions , 
however,  some  layers  wl?.l  have  the  filaments 
aligned  In  the  L-dlrectlon  and  some  of  the  fila¬ 
ments  will  be  aligned  In  the  T-dlrectlon.  The 
properties  of  the  bidirectional  laminate  will  then 
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be  determined  In  terms  of  the  properties  of  the 
unidirectional  layers. 

A  bidirectional  laminate  can  be  considered  to 
consist  of  two  layers,  one  layer  with  the  fibers 
aligned  In  the  direction  of  the  load  and  the  other 
layer  with  the  fibers  aligned  In  a  direction  per¬ 
pendicular  to  the  load  as  shown  In  Fig, 10.  Each 
layer  Is  assumed  to  be  a  thickness  equal  to  the 
sum  of  the  thicknesses  of  the  Individual  layers  of 
the  unidirectional  laminates  regardless  of  the 
order  of  layup.  Because  of  the  difference  in 
Poisson's  ratio  between  the  two  layers,  some 
stresses  will  be  developed  In  the  T-dlrectlon. 

The  equations  for  the  bidirectional  laminates 
can  be  determined  by  equating  the  loads  and 
strains  In  the  L  and  T-dlrectlons .  These  equa¬ 
tions  are 

^l.*c  ■  ^U*l  +  ^12*2 

0  a  QTti*!  +  ^T2*2 


Two  additional  eqxiatlons  can  be  obtained  by  noting 


that 

the  strains  In 

the 

two 

layers  must  be  the 

same 

In  both  directions 

or 

s 

€12 

€ti 

s 

®T2 

.  e  (32) 

- 

The  foregoing  eight  equations  can  be  solved  simul¬ 


taneously  for  the  stresses  and  strains  In  the 
laminate.  To  simplify  equations  (31),  the  fol¬ 
lowing  relationships  can  be  substituted 

.  to  ,  te  .  tbsi 

®L1  '  Et2  ^  Sjl  / 


^  =  ®T2 


Solution  of  the  foregoing  equations  for  the  axial 
stiffness  and  Poisson's  ratio  gives 

ScL 
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The  terms  containing  products  of  Poisson's 
ratio  can  usually  be  neglected  for  most  laminates. 
In  these  cases  equations  (34)  and  (35)  simplify  to 

KcL  =  ^1®U  ^2®I2 

(36) 


AcU  - 

u®ri  ^2®r2 


(37) 


For  a  multilayered  laminate  equation  (36)  can  be 
generalized  to  give 


The  equations  for  the  properties  of  the-  bi¬ 
directional  laminate  In  the  T  direction  can  be 
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Fig.  11  Universal  coil  winding  machine  with  bidirectional  mandrel  in  place 


written  directly  from  the  equations  for  the  prop¬ 
erties  in  the  L-direction.  By  rotating  the  lami¬ 
nate  the  volume  ratio  is  in  the  direction  of 
the  applied  load  Instead  of  V^.  Therefore,  the 
elastic  stiffness  and  Poisson's 
are  given  by  equations  (3*+)  through  (38)  with  Vg 
and  Interchanged . 

Since  the  shear  stiffness  for  a  unidirec¬ 
tional  laminate  is  Independent  of  the  direction 
of  the  filaments  ,  the  shear  stiffness  for  a  bi¬ 
directional  laminate  is  the  same  as  the  shear 
stiffness  of  the  unidirectional  layers  it  is  made 
from.  If  the  layers  have  different  shear  stiff¬ 
nesses  ,  the  shear  stiffness  can  be  determined  by 
considering  the  laminate  to  be  made  up  of  homoge¬ 
neous  layers .  In  this  case  the  shear  strain  of 
each  layer  must  be  the  same  so  that  the  amount 
each  layer  contributes  to  the  laminate  stiffness 
is  the  ratio  of  the  layer  thickness  to  the  total 
thickness  times  the  shear  stiffness  of  the  layer. 
For  a  multilayered  laminate,  then,  the  shear 
stiffness  is  given  by 

n«N 

OcU  =  21  ^  Clin  (39) 

n«  1 

TEST  SPECIMENS 

To  verify  the  equations  developed  in  the  pre¬ 
vious  sections  ,  some  test  specimens  were  made 
using  0.00305-ln-dlam  music  wire  for  the  filament 
material  and  epoxy  resin  for  the  matrix  material. 
This  combination  of  materials  was  selected  because 
of  their  availability,  reliability  of  properties, 
and  good  bonding  characteristics .  It  was  also 
desirable  to  have  a  large  difference  between  the 
stiffness  of  the  two  materials  so  that  the  stiff¬ 


ness  of  the  laminates  would  be  sensitive  to  small 
changes  in  the  filament  spacing. 

The  laminates  were  made  by  winding  the  wire 
over  a  flat  mandrel  on  a  Stevens  universal  coil- 
winding  machine  as  shown  in  Fig.  11.  This  machine 
advances  the  mandrel  at  a  predetermined  rate  so 
that  a  uniform  layer  of  closely  spaced  wire  is  ob¬ 
tained.  The  wire  spacing  can  be  varied  by  changes 
in  the  gear  train.  A  10:1  reductor  was  Installed 
between  the  motor  and  the  coll  winding  machine  so 
that  winding  speeds  could  be  reduced  to  approxi¬ 
mately  1-3  rps . 

The  mandrel  shown  in  Fig. 11  was  designed  for 
making  bidirectional  laminates  by  providing  means 
for  rotating  the  mandrel  orthogonally.  The  cam- 
operated  mechanism  could  advance  the  mandrel  up  to 
2  in.  By  inserting  a  spacer  block  between  the 
mandrel  and  the  chuck,  an  additional  1.5  In.  of 
advance  could  be  obtained.  With  this  mandrel, 
thin  flat  laminates  up  to  3^/2  in.  square  could  be 
made . 

A  schematic  arrangement  of  the  winding  pro¬ 
cess  is  shown  in  Fig. 12.  The  wire  spool  was 
mounted  in  the  universal  \inrolllng  tensioner  and 
the  wire  passed  over  two  pulleys  which  maintained 
a  constant  tension  on  the  wire.  The  unrolling 
tensioner  was  adjusted  to  maintain  a  tension  of 
approximately  90  grams  ,  which  is  about  8  per  cent 
of  the  ultimate  strength  of  the  wire.  The  wire 
was  cleaned  by  passing  it  through  two  baths  which 
were  ultrasonlcally  vibrated.  From  the  second 
bath  the  wire  passed  over  the  stationary  wire 
guide  assembly  and  then  onto  the  mandrel.  Resin 
was  applied  to  the  mandrel  during  the  winding  pro¬ 
cess.  The  fluidity  of  the  resin  was  maintained  by 
the  radiant-heat  lamp  mounted  directly  over  the 
mandrel.  After  the  winding  process  was  complete, 
the  mandrel  was  pressed  at  50  psi  for  2  hr  at  a 
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Fig.  12  Schematic  diagram  of  winding  process 


TABLE  2  lUlTIRUL  PROTERTIES 
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190,000 
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temperature  of  285  P  and  then  finish-cured  In  an 
oven  at  285  F  for  14  hr.  After  the  finish  cure, 
a  3.5  X  3.5-ln.  laminate  was  cut  from  each  side  of 
the  mandrel. 

Pour  bidirectional  specimens  (eight  3.5  x 
3.5-ln.  laminates)  were  made  with  different  layup 
configurations.  The  dimensional  data  for  the 
eight  laminates  are  shown  In  Table  1.  The  layers 
of  the  specimens  were  arranged  so  that  the  lami¬ 
nates  would  have  approximately  the  same  bending 
stiffness  In  both  directions  but  with  various 
percentages  of  filaments  In  the  longitudinal  and 
transverse  directions.  Specimen  No.  1  was  thicker 
than  2,  3  or  4  because  the  wire  In  some  of  the 
layers  crossed  over  each  other  during  the  winding 
process  and  thus  the  laminate  could  not  be  com¬ 
pacted  as  much.  Special  precautions  were  taken 
with  Specimens  2,  3  and  4  to  prevent  wire  cross¬ 
overs  .  The  two  laminates  of  each  configuration 
were  not  of  the  same  thickness  as  the  wires  com¬ 
pacted  more  on  one  side  of  the  mandrel  than  on  the 
other . 

It  was  necessary  to  measure  the  thickness 
quite  accurately  In  order  to  get  good  results , 
particularly  for  the  bendlng-stlffness  and  shear- 
stiffness  calculations ,  since  the  cube  of  the 
thickness  enters  the  equations.  The  "miked" 


thickness  was  not  accurate  enough  because  of  the 
variation  In  thickness  due  to  the  unevenness  of 
the  surface.  Therefore,  specimens  were  out  from 
the  laminates  and  weighed  in  both  air  and  water. 
Then  the  thickness  was  determined  based  on  the 
length  and  width  measurements  and  the  calculated 
volume  of  the  displaced  water. 

TEST  PROCEDURE 

Twisting  Tests 

To  determine  the  shear  stiffness  ,  a  twisting 
test  was  conducted  on  each  laminate  as  It ^ was  out 
from  the  mandrel.  The  test  setup  for  the  twisting 
tests  Is  shown  In  Fig. 13.  Small  aluminum  pads 
were  bonded  to  the  corners  of  the  laminate  so  that 
the  loads  could  be  applied  directly  at  the  cor¬ 
ners.  The  head  deflection  was  measured  with  a 
mlcrodef lactometer  and  recorded  on  an  autograph 
recorder.  The  specimens  were  loaded  continuously 
up  to  about  10  lb  and  unloaded.  In  order  to  get  a 
llnear-load-def lection  curve  It  was  necessary  to 
load  the  specimens  twice.  The  slope  obtained  from 
the  second  load-defleotlon  curve  was  used  In  the 
analysis.  After  the  first  series  of  tests,  the 
laminates  were  rotated  90  deg  and  retested. 

In  reference  {6)  It  was  shown  that  the  twist¬ 
ing  stiffness  can  be  determined  from  the  twist 
test  by  the  following  equation: 

-  P  c2d2 

°xy  *  It  ^  >3)  ('♦0) 

For  these  tests  the  distance  between  the  support 
points  was  equal  to  3.49  Inches.  Also  the  rela¬ 
tion  between  the  twisting  stiffness  and  shear 
stiffness  for  a  thin  plate  Is  given  by 

D:cy  R  aOiTlxy  =  (41) 
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Making  the  above  substitutions  In  equation  (40), 
the  shear  rigidity  Is  given  by 

r  m  63*6  P 

“  (‘^2) 

The  shear  stiffness  of  the  laminates  was 
evaluated  by  the  foregoing  equation. 

Compression  Tests 

After  the  twisting  tests  were  completed,  each 
laminate  was  cut  up  Into  four  specimens  approxi¬ 
mately  3A  In.  by  3,5  In.  long.  Two  of  the  speci¬ 
mens  were  tested  In  compression,  the  other  two 
specimens  were  tested  In  bending.  The  specimens 
from  the  two  laminates  with  the  same  layup  con¬ 
figuration  were  out  In  opposite  directions  so  that 
both  longitudinal  and  transverse  properties  could 
be  determined.  The  ends  of  the  compression  cou¬ 
pons  were  reinforced  with  l/32-ln.  mloarta  sheet 
to  prevent  delamlnatlon  of  the  filaments. 

The  compression  coupons  were  tested  In  a  com¬ 
pression  Jig  which  was  supported  by  side  blocks  to 


Fig.  13  Test  setup  for  wisting  tests 


prevent  the  specimens  from  buckling.  The  space 
between  mlcarta  reinforcing  sheets  had  to  be 
shimmed  to  make  continuous  contact.  The  longitu¬ 
dinal  strain  was  measured  with  a  2-ln-gage-length 
extensometer  that  attached  to  the  specimen  through 
holes  In  the  side  blocks.  SR-4  strain  gages  were 
mounted  on  some  of  the  specimens  on  the  side  op¬ 
posite  the  extensometer  for  the  purpose  of  meas¬ 
uring  the  transverse  strain. 

Bending  Tests 

The  bending  coupons  were  tested  according  to 
Federal  Specification  L-P-40bb.  The  center  de¬ 
flection  was  measured  on  a  1-ln.  span  with  about  a 
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1^/4-ln.  overhang.  The  deflection  waa  measLr^ 
with  a  mlcrodef lectometer  and  recorded  on  aft-4uto- 
graph  recorder.  The  slope  of  the  load-deflection 
curve  w£,j  used  to  calculate  the  bending  stiffness. 

COMPARISON  BETWEEN  TEST  DATA  AND  THEORY 

The  elastic  properties  of  each  lanlnate  were 
calculated  according  to  the  equations  developed  In 
the  previous  sections.  The  material  properties 
used  In  the  calculation  are  given  In  Table  2.  The 
properties  for  music  wire  were  taken  from  refer¬ 
ence  and  the  epoxy-resin  properties  were  deter¬ 
mined  by  tests. 

First  the  elastic  properties  of  the  Individ¬ 
ual  layers  were  determined.  These  calculated 
values  are  tabulated  In  Table  3.  Using  the  values 
from  Table  5.  the  laminate  properties  were  deter¬ 
mined  as  described  In  the  section  on  bidirectional 
laminates .  These  values  are  summarized  In  Table 
4,  The  modulus  of  elasticity  In  bending  was  cal¬ 
culated  by  methods  described  In  (1^,  and  neg¬ 
lecting  the  effect  of  shear  deformations  on  the 
stiffness.  In  the  sections  that  follow  the  com¬ 
parison  and  accuracy  of  the  results  will  be  dis¬ 
cussed  . 

Axial  Stiffness  and  Poisson's  Ratio 

The  values  for  the  elastic  stiffness  agree 
very  well  with  the  theoretical  values.  Specimens 
4-1  show  the  largest  disagreement.  The  two  out¬ 
side  layers  of  this  specimen  were  loose  when  It 
was  made  and,  therefore,  the  compression  coupons 
may  not  have  loaded  up  properly.  The  average  of 
the  test  values  and  the  calculated  values  agree 
within  11  per  cent  which  Is  within  the  experimen¬ 
tal  accuracy. 

The  agreement  between  the  values  for 
Poisson's  ratio  is  not  as  good.  This  Is  probably 
due  to  curvature  of  the  specimens .  The  laminates 
had  some  curvature  when  they  were  taken  off  the 
mandrel.  The  side  load  applied  to  the  specimens 
tended  to  straighten  the  specimens  but  no  specimen 
was  perfectly  straight.  The  bending  stresses  In¬ 
duced  by  curvature  In  the  specimens  would  give 
high  strain  readings  on  one  side  of  the  specimen 
and  low  readings  on  the  other  side.  Because 
Poisson's  ratio  was  determined  from  strains  meas¬ 
ured  on  opposite  sides  of  the  specimen,  the  error 
due  to  this  effect  would  be  twice  as  large  as  the 
discrepancy  In  the  stiffness  values.  This  can  be 
seen  by  comparing  the  stiffness  values  and 
Poisson's  ratio  values  for  each  specimen.  With 
the  exception  of  Specimens  3-1,  the  discrepancy  In 
Poisson's  ratio  Is  In  the  same  direction  as  the 
discrepancy  in  the  stiffness  values  and  more  than 
twice  as  large.  To  get  more  accurate  results  the 


strain  should  be  read  on  both  sides  of  the  speci¬ 
men  . 

Shear  Stiffness 

The  shear  stiffness  Is  probably  the  most  dif¬ 
ficult  property  to  measure  accui*ately.  For  one 
reason,  any  errors  In  thickness  measurements  would 
be  greatly  magnified  because  the  thickness  Is 
cubed  in  equation  (42).  Also  because  of  the  small 
size  of  the  specimens  and  the  low  loads  used  In 
the  tests  the  error  In  measurements  were  signifi¬ 
cant.  The  error  in  measurements  can  be  estimated 
by  comparing  the  values  for  successive  tests  for 
the  same  specimen.  Variation  In  tests  results  was 
as  high  as  20  per  cent  for  some  specimens.  If  the 
error  due  to  thickness  measurements  Is  Included, 
the  difference  between  calculated  and  theoretical 
results  could  be  as  high  as  30  per  cent.  All  the 
results  fell  within  this  degree  of  accuracy,  the 
greatest  difference  being  26  per  cent  for  Specimen 
4-2. 

The  calculated  values  for  the  shear  stiffness 
were  based  on  the  measured  values  for  the  radius 
ratio.  For  these  specimens,  the  calculated  values 
of  the  shear  stiffness  are  quite  sensitive  to 
small  variations  In  R.  For  a  radius  ratio  of 
0.94,  a  deviation  of  1  1  per  cent  in  R  gives  a 
-  l4  per  cent  deviation  In  the  value  for  the  shear 
stiffness.  Since  the  value  for  R  Is  no  more  ac¬ 
curate  than  1  per  cent ,  the  calculated  values 
agree  with  the  experimental  values  within  the 
degree  of  accuracy  of  the  measurements . 

Comparison  of  the  results  also  Indicates  that 
the  shear  stiffness  Is  quite  sensitive  to  varia¬ 
tions  In  layer  thickness.  The  best  agreement  be¬ 
tween  test  values  and  theory  was  for  the  laminates 
with  the  least  amount  of  correction.  This  Indi¬ 
cates  that  a  more  accurate  method  of  accounting 
for  variations  In  laminate  thickness  should  be 
developed . 


Bending  Stiffness 

In  the  calculations  the  shear  deformations 
were  neglected,  therefore  the  calculated  values 
should  be  higher  In  general  than  the  test  values 
as  was  the  case.  The  largest  discrepancy  was  for 
Specimens  1-2  and  4-1.  Both  these  specimens  would 
be  expected  to  have  large  shear  deformations; 
Specimen  1-2  because  of  the  high  resin  content  and 
Specimen  4-1  because  the  majority  of  the  layers 
were  aligned  transverse  to  the  bending  direction. 
The  shear  stiffness  of  layers  aligned  transverse 
to  the  load  would  be  much  lower  than  longitudinal 
layers . 

Except  for  Specimens  1-2  and  4-1 ,  the  agree¬ 
ment  between  test  data  and  theory  was  within  10 
per  cent  or  less.  This  Is  a  good  check  on  the 
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theory  since  the  bending  test  Is  less  subject  to 
testing  Inaccuracies  than  either  the  compression 
test  or  the  twisting  test, 

CONCLUSIONS 

Based  on  the  test  results  of  this  program  the 
following  conclusions  are  made: 

1  The  methods  for  calculating  the  elastic 

properties  E^.  ’  ^L  ’  °LT 

the  test  results  within  the  experimental  accuracy 
of  the  measurements .  These  equations  should  be 
applicable  for  calculating  the  elastic  properties 
of  any  two  combinations  of  materials . 

2  The  shear  stiffness  was  quite  sensitive  to 
variation  In  laminate  thickness.  Some  better 
method  of  calculating  the  shear  stiffness  of 
layers  that  are  thicker  or  thinner  than  one  fila¬ 
ment  diameter  thick  should  be  developed. 

5  The  shear  deflections  of  the  laminates 
must  be  Included  In  the  calculations  for  the 
bending  stiffness  If  there  Is  an  appreciable 
amount  of  resin  between  Individual  layers  or  If 
the  majority  of  the  layers  are  aligned  transverse 
to  the  direction  of  bending.  Some  means  of  cal¬ 
culating  the  shear  stiffness  of  layers  with  fila¬ 
ments  aligned  transverse  to  the  direction  of 
bending  should  be  developed. 
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